Given a closed, connected, oriented 3-manifold with positive first Betti number, one can define an instanton Floer group as well as a quilted Lagrangian Floer group. The quilted Atiyah-Floer conjecture states that these cohomology groups are isomorphic. We initiate a program for proving this conjecture.
Introduction
This paper is the first in a series [11] [13] that prove various aspects of the quilted Atiyah-Floer conjecture. The present paper is dedicated entirely to the underlying Floer theory and differential geometry of the project.
The next section begins with a brief history and overview of the conjecture. We also introduce our notation and conventions. The section ends with a description of the quilted Floer group from [29] associated to a 3-manifold. We point out that in [29] the authors define their quilted invariants for 3-manifolds via gauge theory on suitable PU(r)-bundles (one usually considers the case PU(2) = SO(3)). We adopt their approach by working with the higher rank PU(r)-bundles throughout this paper.
In Section 3 we introduce an extension of instanton Floer theory for the higherrank groups PU(r). A full treatment of higher-rank instanton Floer theory does not seem to appear in the literature, so we have spent time developing the theory and proving several folklore results that are well-known in the case r = 2. (Note that Kronheimer has defined higher-rank Donaldson invariants [23] . These can be viewed as the 4-dimensional version of the higher-rank instanton Floer theory discussed here.)
In Section 4 we make a precise statement of the quilted Atiyah-Floer conjecture, as well as a chain level version of the conjecture. We then describe our overall approach, and prove several chain level statements. This includes a detailed discussion of how to obtain transversality simultaneously in both Floer theories.
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Background on the quilted Atiyah-Floer conjecture
Let Y be a closed, connected, oriented 3-manifold, and fix an SO(3)-bundle Q → Y such that w 2 (Q) pairs non-trivially with an element of H 2 (Y, Z) (so Y is necessarily not a homology 3-sphere). In [15] [14] , Floer showed that this data defines a chain complex (CF inst (Q), ∂ inst ) where CF inst (Q) is the abelian group freely generated by the gauge equivalence classes of flat connections on Q. (Strictly speaking, one needs to suitably perturb the defining equations in order to obtain ∂ 2 inst = 0.) Then the associated homology group HF inst (Q), called instanton Floer cohomology, is well-defined and depends only on Q → Y.
In [7] [8] [9] [10], Dostoglou and Salamon considered the following special case. Let Σ be a closed, connected, oriented surface, P → Σ a non-trivial SO(3)-bundle, and Φ : P → P a bundle map covering an orientation-preserving diffeomorphism ϕ : Σ → Σ. Then Dostoglou-Salamon applied Floer's construction to the mapping tori Y = (I × Σ)/ϕ and Q = (I × P)/Φ. This is particularly interesting due to the following symplectic interpretation: Let M(Σ) denote the space of flat connections on P modulo the action of the identity component of the gauge group. This is naturally a smooth finite-dimensional symplectic manifold, and pullback by Φ induces a symplectomorphism Φ * : M(Σ) → M(Σ). Then the graph Gr(Φ * ) ⊂ M(Σ) − × M(Σ) is a Lagrangian submanifold, where the superscript in M(Σ) − means we have replaced the symplectic form by its negative. Similarly, the diagonal ∆ ⊂ M(Σ) − × M(Σ) is also Lagrangian, and one can use this data to define a Lagrangian Floer group HF symp (Gr(Φ * ), ∆). This can be thought of as the homology of a chain complex CF symp (Gr(Φ * ), ∆), ∂ symp generated by the intersection points Gr(Φ * ) ∩ ∆. On the other hand, the elements of Gr(Φ * ) ∩ ∆ can be naturally identified with the gauge equivalence classes of flat connections on Q. That is, HF symp (Gr(Φ * ), ∆) and HF inst (Q) are both well-defined homology groups that measure the flat connections on Q. Following an outline suggested by Atiyah and Floer, Dostoglou and Salamon were able to show that these Floer groups are naturally isomorphic HF inst (Q) ∼ = HF symp (Gr(Φ * ), ∆).
They prove this by demonstrating a chain-level isomorphism in the spirit of Atiyah's idea to 'stretch the neck' [1] .
The problem we consider in the present paper is a generalization of the DostoglouSalamon set-up to 3-manifolds Y with b 1 (Y) > 0. More explicitly, we assume Y is a closed, connected, oriented 3-manifold equipped with a Morse function f : Y → S 1 that is not homotopically trivial. We assume further that f has connected fibers. Such functions were considered by Lekili [24] ; following him we call these broken circle fibrations. It follows from work of Gay and Kirby [19] that Y admits a broken circle fibration if and only if Y has positive first Betti number. Moreover, each critical point of f has index 1 or 2 (the index is defined with respect to the canonical orientation on the circle). The invariants in which we are interested will only depend on the homotopy class of f . In particular, by homotoping f we can assume the critical points of f have distinct critical values, and we let N denote the number of critical points. If N = 0, then by performing a suitable homotopy we can replace f by a Morse function with two critical points; this is the Morse-theoretic version of destabilization. We may therefore assume N > 0.
Identify S 1 ∼ = R/CZ for some C > 0. Find regular values r i ∈ S 1 such that, for each 0 ≤ i ≤ N − 1, there is exactly one critical value c i(i+1) with r i + δ < c i(i+1) < r i+1 − δ, for some fixed δ > 0. Here and below we work with i modulo N. We may assume the circumference C is large enough to take δ = 1/2. Define 
where we have set I := [0, 1] . This also provides an identification of f −1 (t) with Σ i for t ∈ [r i − 1/2, r i + 1/2]. So the function f together with the metric g allow us to view Y as a composition of cobordisms:
Note that this is cyclic in the sense that the cobordism I × Σ 0 on the right is glued to the cobordism Y 01 on the left, reflecting the fact that f maps to the circle. By construction, each Y i(i+1) is an elementary cobordism; that is, it admits an I-valued Morse function that (i) preserves the cobordism structure between Y i(i+1) and I, and (ii) has at most one critical point (necessarily in the interior of Y i(i+1) ). Since each critical point has index either 1 or 2, it follows from standard Morse theory considerations [25, Theorem 3.14] that the genus of Σ i differs from that of Σ i+1 by one. In particular, the number of critical points N is even. It is possible to choose an SO(3)-bundle Q → Y so its restriction to each Σ i is nontrivial. Then HF inst (Q) is well-defined. On the symplectic side, define M(Σ i (1) ) is well-defined; see Section 2.5.2. Then the quilted Atiyah-Floer conjecture states that there is a natural isomorphism HF inst (Q) ∼ = HF symp (L (0) , L (1) ).
It follows from the definitions that there is a natural isomorphism of abelian groups
where these are (suitably defined) chain groups inducing the Floer homology groups HF inst (Q), HF symp (L (0) , L (1) ); see Theorem 4.2 below. Moreover, these chain groups each admit natural relative gradings. In [11] it is shown that the isomorphism (3) preserves these gradings. The quilted Atiyah-Floer conjecture would follow if one could show that this isomorphism intertwines the boundary operators. One way to show this is to prove that there is a one-to-one correspondence between instantons and holomorphic curves, at least for suitably chosen data (metric, almost complex structure and perturbations). The main result of [13] implies that, when this data is chosen well, every instanton trajectory counted by the boundary operator ∂ inst is close to some holomorphic curve trajectory counted by the boundary operator ∂ symp . (Proving the converse statement, and hence the conjecture, is still a work in progress.) In the present paper we describe how the aforementioned data can be chosen so that both chain level groups are comparable. 
(b) Recently M. Lipyanskiy has developed compactness results for quilts with patches consisting both of instantons and holomorphic curves. The motivation is that these quilts may define a chain map that interpolates between the trajectories defining each of the two Floer theories. (c) The quilted Atiyah-Floer conjecture is a variant of the older

ǫ-dependent smooth structures
As a matter of notational convenience, we set
We refer to the connected components of the boundary ∂Y • = {0, 1} × Σ • as the seams, and we use the letter t to denote the coordinate variable on the interval I. In
under the identification (1). Over I × Σ • the metric g has the form
where g Σ is a path of metrics on Σ • . To simplify the exposition, we assume that g has been chosen so that g Σ is a constant path, which can always be achieved. For ǫ > 0 define a new metric g ǫ by
We will be interested in taking the limit as ǫ approaches 0. See Figure 2 . Moving from left to right, the metric on Y is being deformed in such a way that the volume of the Σ i and the Y i(i+1) are going to zero. However, the volume in the I-direction (the 'neck') is remaining fixed. In the picture on the far right, the Y i(i+1) have collapsed entirely to the critical points of f , which are represented by dots.
Let S 1 denote the smooth structure on Y; that is, the smooth structure in which g and f are smooth. We call this the standard smooth structure. It is important to note that when ǫ = 1, the metric g ǫ is not smooth with the standard smooth structure. For example, take V = ∇ f / |∇ f |, where the norm and gradient are taken with respect to g = g 1 . Then away from the critical points of f , V is smooth on (Y, S 1 ), but However, there is a different smooth structure S ǫ in which g ǫ is smooth. Moreover, (Y, S ǫ ) is diffeomorphic to (Y, S 1 ). This can be seen as follows: View Y as the topological manifold in (2) . Following Milnor [25, Theorem 1.4] , any choice of collar neighborhoods of the seams determines a smooth structure on Y, and any two choices are given by isotopic data. These isotopies determine a diffeomorphism between the smooth structures. In this language, the smooth structure S 1 arises by choosing collar neighborhoods of the seams determined by the time-δ gradient flow of f , and then using the identity to glue these neighborhoods on the overlap. Here δ > 0 is small, but fixed. On the other hand, the smooth structure S ǫ arises by taking the time-δ gradient flow on the Y i(i+1) side of the seam {1} × Σ i , but the time-δǫ gradient flow on the [0, 1] × Σ i side of the seam, and then gluing using the gluing map (t, σ) → (ǫt, σ).
By the discussion of the previous paragraph, there is a diffeomorphism
In fact, there is a canonical choice of F ǫ given by taking the obvious straight line homotopy between the gluing maps described above. When the specific smooth structure on Y is relevant, we will write Y ǫ for (Y, S ǫ ). When a function, section of a bundle, connection, etc. is smooth on Y ǫ , we will say that it is ǫ-smooth. We will write f ǫ for the pullback of f : Y → S 1 under F −1 ǫ . Observe that g ǫ only fails to be smooth on Y 1 at the seams {0, 1} × Σ i . Furthermore, even at the seams, the metric g ǫ is smooth in directions parallel to the seams. So the discontinuity illustrated in Figure 3 is the only thing that goes wrong. 
Gauge theory
Let X be an oriented Riemannian n-manifold, possibly with boundary. Given a fiber bundle E → X, we denote the space of smooth sections by Γ(E). Now suppose E is a vector bundle equipped with a metric ·, · . Then we write
for the spaces of smooth E-valued forms on X.
we can combine the inner product with the wedge to define a new section
The metric on X induces a Hodge star * :
, and this satisfies * * = (−1) k(n−k) on k-forms. Sticking * in the second slot of (6) defines an L 2 -inner product on the vector space
where |µ| := ( * µ ∧ * µ ) Let G be a compact Lie group with Lie algebra g, and let π : P → X be a principal G-bundle. Given any matrix representation ρ : G → GL(V), we can form the associated bundle
This is naturally equipped with the structure of vector bundle P(V) → X. Of particular interest is the case when V = g is the Lie algebra of G, and ρ is the adjoint representation. We will assume that g is equipped with a choice of Ad-invariant inner product ·, · . This is always possible since G is compact, and this is unique (up to multiplication by a scalar) when g is simple. The Ad-invariance implies that the inner product descends to a bundle metric ·, · on the vector bundle P(g).
The Lie bracket [·, ·] : g ⊗ g → R is Ad-invariant, and so combines with the wedge to endow Ω • (X, P(g)) and Ω • (P, g) with the structure of a graded algebra; we denote this multiplication by [µ ∧ ν] in both cases. Then pullback by π : P → X induces a graded algebra homomorphism
Moreover, π * is injective with image given by the basic forms
Here u P (resp. ξ P ) is the image of u ∈ G (resp. ξ ∈ g) under the map G → Diff(P) (resp. g → Vect(P)) afforded by the group action. We will use π * to identify the spaces Ω • (X, P(g)) and Ω • (P, g) basic .
Denote by
the space of connections on P. Then A(P) is an affine space modeled on Ω 1 (X, P(g)), and the affine action is given by A + π * µ for A ∈ A(P) and µ ∈ Ω 1 (X, P(g)).
In particular, A(P) is a smooth (infinite dimensional) manifold with tangent space
where d is the trivial connection on the trivial bundle P × g. Define the curvature of A by
It is convenient to view Ω • (X, P(g)) as acting on itself by left multiplication, in which case we can
with Ω • (P, g) basic we will typically drop π * from the notation. For example, the covariant derivative and curvature satisfy the following
The last is the Bianchi identity. Given a connection A ∈ A(P) with covariant derivative d A , we define the formal adjoint on k-forms by d
is the L 2 -pairing, and µ, ν have compact support in the interior of X. It follows from the scaling properties of forms that
A is the adjoint defined with respect to the metric c 2 g. We will be interested in the flat connections A ∈ A(P). By definition, these satisfy F A = 0, and we will denote the set of flat connections on P by A flat (P). If A is flat then im d A ⊆ ker d A and we can form the harmonic spaces
In general, we say that a connection A is irreducible if d A is injective on Ω 0 (X, P(g)) (when A is flat this is equivalent to H 0 A = 0). It follows from (9) below that if A is irreducible, then the gauge action at A is locally free.
Suppose now that X is closed. Then the Hodge isomorphism [27, Theorem 6.8] says H
for any flat connection A on X. Here the decomposition is orthogonal with respect to the L 2 -inner product defined above. We will treat these isomorphisms as identifications. From the first isomorphism in (7) 
We will refer to the value at A as the energy of the connection A. Suppose X is a 4-manifold. On 2-forms the Hodge star squares to the identity, and we denote by
with the orthogonal projection to
is an anti-self dual 2-form. The instantons are the minimizers of the Yang-Mills functional.
A gauge transformation is an equivariant bundle map u : P → P covering the identity. The set of gauge transformations on P forms an infinite-dimensional Lie group, called the gauge group, and is denoted G(P). This can be equivalently described as (i) the group of G-equivariant maps P → G, or (ii) the group of sections of the fiber bundle P × G G → X; in both cases G is acting on itself by conjugation. From this latter description it is clear that the space Ω 0 (X, P(g)) = Γ (P × G g) can be identified with the Lie algebra of G(P). Moreover, given ξ ∈ Ω 0 (X, P(g)), we define exp(ξ) ∈ G(P) to be the section x −→ exp(−ξ(x)), where in this latter formula exp is the exponential for G (the negative sign is introduced to absorb a negative sign later). We define G 0 (P) ⊆ G(P) to be the connected component of the identity gauge transformation.
Remark 2.4. Fix a faithful matrix representation
. With respect to this embedding, it makes sense to multiply elements of G(P) with elements of its Lie algebra.
The gauge group acts on the left on the space
Here the star indicates the pullback map induced by the bundle map u −1 : P → P. The action of G(P) on Ω • (P, g) restricts to actions on Ω • (P, g) basic and A(P). Viewing a gauge transformation as a map u : P → G we can write this latter action as
where we have fixed a faithful matrix representation as in Remark 2.4, and so the concatenation appearing on the right is just matrix multiplication. The curvature of A ∈ A(P) transforms under u ∈ G(P) by F (u −1 ) * A = Ad(u)F A . This shows that G(P) restricts to an action on A flat (P) and, in 4-dimensions, the instantons. The infinitesimal action of G(P) at A ∈ A(P) takes the form
Suppose X is compact. Fix a reference connection A ref ∈ A(P). This combines with the Levi-Civita connection to define a norm on W k,p Λ j T * X ⊗ P(g) , as above. Then we set
The space A k,p (P) 
This is a Banach affine space, and all elements limit to a ± at ±∞. Moreover, as a topological space, it is independent of the choice of reference connection that agrees with the a ± off of a compact set. However, the particular choice of Banach norm depends on the choice of A ref .
The appropriate gauge group is
which we define to be the W k,p -closure of the elements of G Let s denote the coordinate variable on R, and ∂ ∂s ∈ Vect(R × P) the obvious vector field. Then a connection A ∈ Ω 1 (R × P, g) is in temporal gauge if its contraction with ∂/∂s vanishes ι ∂/∂s A = 0. It can be shown that for each connection A, there is an identity-component gauge transformation u ∈ G 0 (R × P) with u * A in temporal gauge. Note that any connection A ∈ A(R × P) can be written in the form A = a(s) + p(s) ds for unique a : R → A(P) and p : R → Ω 0 (X, P(g)), where ds ∈ Ω 1 (R × Y) is the obvious 1-form. Then A is in temporal gauge if and only if p = 0.
We will need a perturbed version of Uhlenbeck's compactness theorem for flat connections and instantons. Specifically, we fix a G(P)-equivariant map V : A(P) → Ω 2 (X, P(g)) which is smooth with respect to the W k,p -topology on each space, where k, p ≥ 1. We assume the following:
In particular, Kronheimer proves that these conditions are satisfied whenever V is the differential of a holonomy perturbation [23, Lemma 10] . Consider the case where (F A n − V(A n )) + = 0 for all n. When V is zero, the (unperturbed version of) Uhlenbeck's compactness theorem implies that a subsequence of u * n A n converges in C ∞ to A ∞ . Kronheimer points out that when V is a (non-zero) holonomy perturbation, then one can no longer expect to get anything stronger than the W 1,p convergence of Theorem 2.5. This is due to the non-locality inherent in holonomy perturbations.
As we have already begun to see, when the base manifold X is a product, it is useful to have a notation that distinguishes between a connection or gauge transformation and its components. We therefore adopt the following notation:
• On 4-manifolds we will use A and U for connections and gauge transformations.
• We tend to denote 3-manifolds by Y, and use a and u for connections and gauge transformations on Y.
• We tend to denote 2-manifolds by Σ, and use α and µ for connections and gauge transformations on Σ.
On the other hand, when the base manifold has no relevant product structure, then we continue to use A and u for connections and gauge transformations.
Topological aspects of principal PU(r)-bundles
Throughout the remainder of this paper we work primarily with the Lie group PU(r) := SU(r)/Z r = U(r)/U(1), for r ≥ 2. It follows that π 1 (PU(r)) = Z r , since SU(r) is simply-connected. We fix an Ad-invariant inner product ·, · on the Lie algebra pu(r) to PU(r). This Lie algebra is simple, and so µ, ν = −κ r tr(µ · ν), for some κ r > 0, where the trace is the one induced from the identification pu(r) ∼ = su(r) ⊂ End(C r ). We leave κ r arbitrary, but fixed.
In [32] , L.M. Woodward exploited the adjoint representation to classify the principal PU(r)-bundles over spaces of dimension ≤ 4. This classification scheme assigns cohomology classes
to each principal PU(r)-bundle P → X. For example, q 4 is defined to be the second Chern class of the complexified adjoint bundle P(g) C := P(g) ⊗ C, where g = pu(r). The class t 2 is defined as the mod r reduction of a suitable first Chern class. We will be mostly interested in the case where X is a smooth manifold, but these classes are defined for CW complexes as well. We summarize the properties of these classes that we will need.
• If dim(X) ≤ 4 and X is a manifold, then two bundles P and P ′ over X are isomorphic if and only if t 2 (P) = t 2 (P ′ ) and q 4 (P) = q 4 (P ′ );
• The class t 2 (P) is zero if and only if the structure group of P can be lifted to SU(r).
• The class t 2 (P) is the mod r reduction of an integral class if and only if the structure group of P can be lifted to U(r).
These characteristic classes can be used to study the components of the gauge group G(P) for a principal PU(r)-bundle P → X. We take as a starting point the following observation by Donaldson. We refer the reader to [12] for more details of the assertions in the remainder of this section.
Proposition 2.7. [5, Section 2.5.2] Suppose G is a compact Lie group, X is a smooth manifold and P → X is a principal G-bundle.
Then there is a bijection between π 0 (G(P)) and the set of isomorphism classes of principal G-bundles over S 1 × X that restrict to P on a fiber. This bijection is induced from the map that sends a gauge transformation u to the bundle
given by the mapping torus of u.
Now we combine this with L.M. Woodward's classification. Fix a principal PU(r)-bundle P → X. To focus the discussion, we assume X is a manifold of dimension at most 3. Let u ∈ G(P), define P u → S 1 × X as in the proposition above, and consider the classes
By the Künneth formula, we have an isomorphism
in the first factor is exactly t 2 (P), so the dependence of t 2 (P u ) on the gauge transformation u is contained entirely in the projection of t 2 (P u ) to the second factor H 1 (X, Z r ). We denote this projection by
and call this the parity of u.
In a similar fashion, we will define the degree of a gauge transformation using q 4 . Before defining this explicitly, we note that a straight-forward characteristic class argument shows that the image of q 4 (P u ) in H 3 (X, Z) is always even. Then we define the degree of u to be the class
where proj H 3 :
is given by contraction with the generator of H 1 (S 1 , Z). See [8] and [15] for alternative realizations of the parity and degree. Proposition 2.7, and the properties of t 2 and q 4 immediately imply that the parity and degree detect the components of the gauge group when dim(X) ≤ 3. The next proposition describes some information captured by the parity. It is standard when r = 2 and the extension to larger r is no different.
Proposition 2.8. Fix a gauge transformation u : P → PU(r). Then the following are equivalent:
• η(u) = 0;
• u : P → PU(r) lifts to a PU(r)-equivariant map u : P → SU(r);
• When restricted to the 1-skeleton of X, u is homotopic to the identity map.
If X is a compact, connected, oriented 3-manifold and η(u)
Next we give a formula for computing the degree. Let Q → Y be a PU(r)-bundle over a closed, connected, oriented 3-manifold Y, and let u ∈ G(Q). Fix a connection a 0 ∈ A(Q), and let a : I → A(Q) be any path from a 0 to u * a 0 . This defines a connection A on I × Q → I × Y by declaring A| {s}×Y = a(s) for s ∈ I. Moreover, A descends to a connection on the mapping torus Q u . The usual Chern-Weil formula for the second Chern class of SU(r)-bundles gives q 4 
(Our orientation convention is that ds ∧ dvol Y is a positive volume form on I × Y.) This formula also shows that the degree operator is a homomorphism of groups.
We end the discussion of the degree and parity by mentioning two applications. These will be useful in our treatment of instanton Floer theory later.
Application 1: Free actions on flat connections.
We suppose X is a connected and oriented manifold of dimension 2 or 3, equipped with a principal PU(r)-bundle P → X. In case X is 2-dimensional, we assume that t 2 (P) [X] ∈ Z r is a generator. If X is 3-dimensional then we assume there is an embedding Σ ֒→ X of a connected, oriented surface such that t 2 (P) [Σ] ∈ Z r is a generator.
Lemma 2.9. [8, Lemma 2.5] Suppose P → X is as above. Then all of the flat connections on P are irreducible. In fact, any flat connection a on P has trivial stabilizer
Application 2: Existence of degree d gauge transformations. Fix a closed, connected, oriented 3-manifold X and a principal PU(r)-bundle P → X. Let d ∈ Z. We assume that t 2 (P) is the reduction of an integral class, and so P = P × U(r) PU(r) is induced from a principal U(r)-bundle P → X. Moreover, we assume c 1 (P) In the case r = 2, Dostoglou and Salamon [8, Lemma 2.3, Lemma A.2] prove this by explicitly constructing the desired gauge transformation. In [12] we present a proof using the properties of the characteristic classes t 2 , q 4 .
Compatible bundles for broken circle fibrations
Fix an integer r ≥ 2 and d ∈ Z r . Let f : Y → S 1 be a broken circle fibration. Suppose we are given a map γ : S 1 → Y that is a section of f (these always exist). Then by the classification of principal PU(r)-bundles on 3-manifolds, there is a unique, up to bundle isomorphism, principal PU(r)-
We will say that a bundle Q is d-compatible with f : Y → S 1 if it can be obtained in this way. Since [γ] is the reduction of an integral class, it follows that t 2 (Q) is as well. Moreover,
In general, there may be multiple isomorphism classes of bundles that are dcompatible with f . For example, suppose γ is a section of f , and α : S 1 → Σ 0 is a loop in the fiber Σ 0 . Then the concatenation γ * α is homologous in H 1 (Y) to a section γ ′ of f . The associated bundles Q(γ) and Q(γ ′ ) will be isomorphic if and only if γ and γ ′ induce the same element of
Recall the decomposition (2) of a broken circle fibration
Then Q • and P • are naturally bundles over (5), and define Q ǫ := (F −1 ǫ ) * Q. This is a smooth PU(r)-bundle over Y ǫ enjoying the same topological properties as Q → Y. Since F ǫ is the identity on Y • and {0} × Σ • it follows that the restrictions
, and notice that η Σ i u| Σ i = 0 for some i if and only if η Σ i u| Σ i for all i; here η Σ i denotes the parity operator for P i → Σ i . Consider the following subgroup
There is a sequence of inclusions
The first and last inclusions are always strict. It follows from Proposition 2.10 (a) that the middle inclusion is strict when d ∈ Z r is not zero. The following was proved in [12, Proposition 4.8]. 
Proposition 2.11. Suppose d ∈ Z r is a generator and Q → Y is d-compatible with a broken circle fibration f
: Y → S 1 . Then there is a canonical isomorphism G Σ • /G 0 (Q) ∼ = Z. Moreover, the positive generator of G Σ • /G 0 (Q) is
Quilted Floer theory
In this section we describe how to assign a quilted Floer cohomology group to a d-compatible bundle Q over a broken circle fibration f : Y → S 1 . We begin by introducing the moduli spaces of flat connections on surfaces and cobordisms. These bring symplectic geometry into the picture.
Moduli spaces of flat connections
Fix a principal PU(r)-bundle P → X, and we assume dim(X) ≤ 3. For 2 ≤ q < ∞ and k ≥ 1, define
is the identity component of the gauge group, and let Π : A 1,q flat (P) −→ M(P) be the quotient map. Then Π and M(P) are independent of the choice of 2 ≤ q < ∞ and k ≥ 1 in the sense that the natural inclusion A k,q
Moreover, this is a diffeomorphism whenever the gauge group acts freely. Now suppose X = Σ is a closed, connected, oriented surface, and P → Σ is a principal PU(r)-bundle, with t 2 (P) [Σ] ∈ Z r a generator. It follows from Lemma 2.9 that G 2,q 0 (P) acts freely on the space of flat connections, and so it is immediate that the moduli space M(P) is a smooth manifold. The next theorem goes back to Atiyah-Bott [2] , and captures the relevant properties of M(P). Here, κ r is the constant coming from our choice of metric on g as in Section 2.3. In [29] the authors work with G = U(r) and the space of central curvature connections with fixed determinant, rather than the space of flat PU(r) connections, as we consider here. Their theorems carry over verbatim to our situation: On a surface, the space of central curvature U(r)-connections with fixed determinant is naturally diffeomorphic to the space of flat PU(r)-connections, and this diffeomorphism intertwines the relevant gauge group actions (see [ 
The manifold M(P) has two alternative descriptions that are often quite useful. We refer the reader to [2] , [8] and [29] for more details. For the first description, fix a basepoint x 0 ∈ Σ. Then the holonomy determines a map A flat (P)/G(P) → Hom(π 1 (Σ, x 0 ), PU(r))/PU(r) that is a homeomorphism onto a component of the right-hand side, and PU(r) is acting on the Hom-set by conjugation. We will use the notation Hom Next, suppose Y is a compact, connected, oriented cobordism between nonempty, connected, oriented surfaces Σ ± . Our orientation convention is that ∂Y = Σ − ⊔ Σ + , where the bar denotes the manifold with the opposite orientation. Let Q → Y be a principal PU(r)-bundle and assume that t 2 
In particular, Lemma 2.9 implies that the moduli spaces M(Q) and M (Q| Σ ± ) of flat connections are all smooth manifolds.
Restriction to each boundary component of
that preserves the flat connections. It follows that ρ descends to a map, still denoted by ρ, at the level of moduli spaces. Then we set satisfies the conditions of Theorems 2.12 and 2.14, respectively. In the terminology of [30] , this implies that the tuple
Quilted Floer cohomology for broken circle fibrations
determines a cyclic Lagrangian correspondence in the product symplectic manifold 
, and this isomorphism preserves the relative gradings.
The remainder of this section is spent describing HF
is the cohomology of a chain complex (CF • symp , ∂ symp ). We will give a precise definition of CF • symp and ∂ symp , beginning with the former.
For each j, fix a time-dependent Hamiltonian H j = H t,j : M(P j ) → R, which we assume vanishes for t / ∈ (0, 1). Let H denote the tuple (H j ) j , and call this a splittype Hamiltonian for M. The time-dependent function H j lifts to a G 0 (P j )-invariant time-dependent function on A flat (P j ). Similarly, the Hamiltonian vector field of H j on M(P j ) lifts to a Hamiltonian vector field X t,j :
for all u ∈ G 0 (P j ) and α j ∈ A flat (P j ). Note that X t,j vanishes when t / ∈ (0, 1). Then the chain group CF • symp is freely generated over Z 2 by the set of H-perturbed generalized Lagrangian intersection points e. These are tuples
and each tuple is required to satisfy the following: For each j, there is a map α j : I → A flat (P j ) such that
where, here, the brackets denote G 0 (P j )-equivalence class. We use I H (L(Q)) to denote the set of H-perturbed generalized Lagrangian intersection points. This arises naturally as the critical point set of a suitably defined H-perturbed symplectic action functional, see [30, Section 5.2] . We say e ∈ I H (L(Q)) is non-degenerate if it is a nondegenerate critical point in the Morse-theoretic sense. This is equivalent to requiring that the linearization at e of the defining equations (13) becomes an injective operator, modulo the linearized gauge action on the P j . Unless otherwise specified, we will assume H has been chosen so that all elements of I H (L(Q)) are non-degenerate. This can always be done [30, Proposition 5.2.1] and, when this is the case, it follows that I H (L(Q)) is a finite set. Now we move on to discuss the boundary operator ∂ symp . By linearity, it suffices to define ∂ symp in terms of its matrix coefficient ∂ symp e − , e + , for e ± ∈ I H (L(Q)). This can be defined concisely by saying that it is the mod-2 count of the isolated (J, H)-holomorphic quilted cylinders that limit to e ± at ±∞. Now we unravel this. Here, J = (J j ) j is a split-type almost complex structure on M, meaning that each J j is a compatible almost complex structure on M(P j ). In this paper we will always assume that each J j arises as follows: Fix a metric on Y, and let J j = * be the compatible almost complex structure on M(P j ) induced by the Hodge star on Σ j as in Remark 2.13 (a).
Next, let H = (H j ) j be a split-type Hamiltonian as above. Then we define a (J, H)-holomorphic quilted cylinder to be a tuple
denotes the G 0 (P j )-equivalence class for the relevant j, and α j is a map R × I → A flat (P i ) satisfying the following conditions:
where proj H 1 α denotes the L 2 -orthogonal projection to the harmonic space H 1 α . We assume that v limits to e ± at ±∞, in the sense that lim s→±∞ α j (s, t) = α ± (t) for all j, where the α ± are coming from e ± as in (13) . Here we require that the convergence is uniform in t, and when this is the case it implies that the convergence is actually C ∞ in t. We say that v is regular if the linearization at v of the defining equations is surjective. The desirable cases are when all (J, H)-holomorphic quilted cylinders are regular. When this is the case, we say that (J, H) is regular (for quilted Floer theory). We show in Section 4.2 that, given any J = ( * ) j , there always exists a perturbation H so that (J, H) is regular. (In Lagrangian intersection Floer theory it is standard that there exists a perturbation H making (J, H) regular [16] . However the existence becomes more subtle in quilted Floer theory because H = (H j ) is required to be of split-type; see [30] [31] for a similar problem.) Unless otherwise specified, we will always assume H has been chosen so that (J, H) is regular. When this is the case, the set of all (J, H)-holomorphic quilted cylinders limiting to e ± forms a smooth manifold. Finally, we say v is isolated if it belongs to the zero-dimensional component of this manifold.
Next we describe how a (J, H)-holomorphic quilted cylinder v = (α 0 , . . . , α N−1 ) can be represented as a connection on the bundle R × Q → R × Y. In light of the Hodge isomorphism (7), the (J, H)-holomorphic condition is equivalent to the statement that, for all j,
In fact, φ j , ψ j are uniquely determined by this equation since all flat connections on P j are irreducible. Furthermore, φ j and ψ j are as smooth in s, t as the connection α j . On the other hand, the Lagrangian seam condition implies that, for each j, there is some path a j(j+1) : R → A flat (Q j(j+1) ) with
, and a j(j+1) is the unique connection having this property, up to the action of gauge transformations on Y j(j+1) that restrict to the identity on the boundary. Then the irreducibility of flat connections on Q j(j+1) implies that there is a unique
and p j(j+1) agrees with φ j and φ j+1 on the seams. We will write α (resp. a) for the connection on Σ • (resp. Y • ) that restricts to α j on Σ j (a j(j+1) on Y j(j+1) ). In a similar manner, we define φ, ψ, which are forms on Σ • , and p, which is a form on Y • . Then a j(j+1) can be chosen so that the data of α, φ, ψ, a, p patch together to define a smooth connection A on R × Q with
We will refer to such a connection A as a holomorphic curve representative.
To summarize, the boundary operator ∂ symp counts isolated G 0 (P • )-equivalence classes of α satisfying
with appropriate limits at ±∞, and where the φ, ψ and a are uniquely determined by these conditions.
Higher rank instanton Floer theory
Throughout this section, Y will denote a closed, connected, oriented 3-manifold equipped with a principal PU(r)-bundle Q → Y. We assume this bundle satisfies the following hypothesis.
(H1) There is an embedding ι : Σ → Y of a closed, oriented surface Σ with the
Such bundles exist if, for example, Y has positive first Betti number. Note also that (H1) implies that Y is necessarily not a homology S 3 . We also fix a subgroup K ⊆ G(Q), which we assume consists of connected components of G(Q). In particular, this means that the identity component G 0 (Q) ⊆ G(Q) acts freely on K by left multiplication. Hence K/G 0 (Q) is well-defined and is the group π 0 (K) of connected components of K.
We begin by formulating instanton Floer cohomology, working modulo the gauge subgroup K. To ensure we have a well-defined theory, we will make various hypotheses along the way. In Section 3.2 we restrict attention to specific subgroups K and show that these hypotheses are satisfied in each case. In that section we also discuss how the various choices of K determine various gradings. Section 3.3 specializes the discussion to the case where Y is a broken circle fibration.
Instanton Floer cohomology for G = PU(r)
Let K be as above. We will use the same symbol to denote the Sobolev completion of K in G k+1,p (Q). Throughout we assume k, p are chosen so that G k+1,p (Q) is a Lie group that acts smoothly on A k,p (Q). Fix a smooth K-invariant function
By the invariance of H, we have the identity X(u * a) = Ad(u −1 )X(a) for u ∈ K. We assume X H satisfies conditions (a) and (b) from Theorem 2.5, and when this is the case we call H an instanton perturbation.
Next, fix a reference connection a 0 ∈ A k,p flat (Q) and define the perturbed Chern-
where v := a − a 0 . This map is smooth provided k, p are in an appropriate range for Sobolev multiplication, which we also assume throughout. For example, this is the case if k = 1, p = 2. From now on we will drop the Sobolev exponents from the notation, unless they are relevant. The perturbed Chern-Simons functional only depends on a 0 up to an overall constant, so we will usually write CS H := CS H,a 0 . The differential of CS H at a connection a satisfies
It follows from (12) that there is an identity of the form
for all a ∈ A(Q) and u ∈ K. (Our definition of degree is the negative of the one appearing in [8] .) If H is invariant under a subgroup of G(Q) larger than K, then (15) holds for all u in this larger subgroup.
Next, we define an instanton Floer cohomology group HF • inst (Q) K . This can be viewed as the Morse cohomology, modulo gauge transformations in K, of the Chern-Simons functional. That is, when it is defined, HF • inst (Q) K is the cohomology associated to a chain complex (CF • inst (Q), ∂ inst ). We describe this now. The chain complex will be generated by K-equivalence classes of the critical points of CS H . These critical points are precisely the H-flat connections a ∈ A(Q), which are defined by the condition F a = X (a) . We denote the set of H-flat connections by A flat (Q, H). Note that K acts on this space, and we set
This is independent of the choice of k, p. Given an H-flat connection a, we denote its image in I H (Q) by [a] .
The desirable cases are when all of the critical points a ∈ A flat (Q, H) are nondegenerate in the sense that they are non-degenerate critical points of CS in the Morse-theoretic sense, taken modulo gauge. Fixing a metric g on Y, this is equivalent to requiring that the extended Hessian (H2) The instanton perturbation H has been chosen so that all H-flat connections are non-degenerate.
It follows immediately from (H2) that all H-flat connections a are irreducible. One consequence of Hypothesis (H2) is that the chain complex CF • inst (Q) admits a relative grading. To define this grading, set n K := inf {deg(u) > 0 | u ∈ K} . By convention, if all elements of K have degree zero, then n K = ∞.
Proposition 3.2. Assume (H1-2). Then there is a relative Z-grading
and this satisfies
for all a 0 , a ∈ A flat (Q, H) and u ∈ K. In particular, this induces a relative Z 4n K -grading on I H (Q), and hence on CF • inst (Q), where Z 4n K := Z if n K = ∞. We defer the proof of this proposition to the end of this section. Using this relative Z 4n K -grading, we have a decomposition
where the sum on the right is over all [a] 
is some fixed reference connection. It follows from Theorem 2.5 that each CF k inst (Q) is finitely generated. It is immediate from (17) that each gauge transformation with non-zero degree acts freely on A flat (Q, H). However, it will be convenient to know that the subgroup K acts freely on the space of H-flat connections. We take this as a hypothesis as well.
(H3) The subgroup K acts freely on A flat (Q, H).
The next step is to introduce the boundary operator
It will take some time to develop the machinery necessary to define this explicitly. However, when we are done it will be given by a mod-2 count of isolated negative gradient trajectories of the perturbed Chern-Simons functional. These gradient trajectories are solutions a : R → A(Q) to the equation 
The curvature decomposes into components as
When H = 0, equation (19) 
( 
for some constants C, κ > 0.
(iii) The connection A converges to H-flat connections a ± ∈ A flat (Q, H) at ±∞:
here the convergence is in C ∞ on Y.
When the last condition holds we will say that A limits to a ± at ±∞. The equivalence of (i) and (iii) above imply that the group of gauge transformation in K act freely on the space of (g, H)-instantons. To state this precisely, we introduce the group
of smooth gauge transformation U = u(·) on R × Q that converge at ±∞ to elements of K. We assume the convergence at ±∞ is at least in C 1 on Y. Proof. To prove the proposition, it suffices to prove the following:
(i) Assume (H1). Fix a ∞ ∈ A(Q) and suppose this is irreducible. If A ∈ A(R × Q) is any connection limiting to a ∞ at ∞ (or −∞), then A is also irreducible.
(ii) Suppose H satisfies (H2), and K satisfies (H3). Let a ∞ and A be as in (i). If a ∞ is H-flat, then the stabilizer of A in Maps ±∞ (R, K) is trivial.
Note that A is irreducible if and only if there is some U ∈ G(R × Q) such that U * A is irreducible. In particular, we may assume A = a(·) is in temporal gauge. 
This implies u(s) fixes a(s)
for each s ∈ R. By the assumptions on U, the limit lim s→∞ u(s) = u ∞ exists, and it is immediate that u ∞ fixes a ∞ . Since a ∞ is an H-flat connection, it follows from (H3) that u ∞ = e. In particular, u(s) ∈ G 0 (Q) lies in the identity component for all s. By Lemma 3.7 below, it follows that u(s) = e ∈ G(Q) is the identity for all sufficiently large s.
To prove that u(s) = e for all s ∈ R, consider the set of s ∈ R such that u(s) = e. This set is clearly closed, and we just saw that it is non-empty. It suffices to show this set is also open. It follows from (i) that a(s) is irreducible for each s ∈ R. In general, a connection a ∈ A k,p (Q) is irreducible if and only if it satisfies a bound of the form
for all 0-forms r ∈ Ω 0 (Y, Q(g)); this bound continues to hold for all connections near an irreducible a. Suppose there is some s 0 ∈ R such that u(s 0 ) = e. 
The bijection (22) imposes a group structure on U . (The gauge theoretic product of two elements of U may not be in U , but this product is always homotopic to a unique element of U ; this is the group structure determined by (22) .) Next, recall the Banach (10) and (11), respectively. For a, a ′ ∈ A flat (Q, H), define the following auxiliary space
We will denote the elements of the space by [A] G c . Then the group U acts on the disjoint union
via the isomorphism (22), where we are viewing elements of U as gauge transformations on R × Q that are constant in the R-direction. Moreover, this action is free by Proposition 3.3. Finally, we set
At this point, there are three matters that need to be addressed: 
are canonically identified. By assumption, we can write b ± = u * ± a ± for some u ± ∈ K. Note that the dependence of the space 
where the sum is over all [a + ] ∈ I H (Q) with µ inst (a − , a + ) = 1. Now we can state Floer's main theorem.
Theorem 3.4. Assume (H1-4)
. Then ∂ 2 inst = 0, and so
well-defined. This abelian group inherits a relative Z 4n K -grading from the grading on CF • inst (Q). Furthermore, HF
•
inst (Q) K is independent of the choice of regular pair (g, H), up to isomorphism of relatively Z 4n K -graded abelian groups.
The proof of Theorem 3.4 follows essentially as in [14] , where Floer considers the trivial SU(2)-bundle over a homology 3-sphere. The key technical device needed to carry Floer's proof to our setting are hypotheses (H1) and (H3), which essentially say that there are no reducible flat connections for our bundles (in Floer's setting, the only reducible flat connection is the trivial connection, which can be easily avoided). See also [15] , [7] and [5, Chapter 5] .
Proof of Proposition 3.2.
This proposition is well-known in the case PU(2) = SO(3) (see [15] , [8] , [4] ), and essentially the same proof carries over to the more general case of PU(r). We include the details for convenience. We note that the perturbation H only serves to ensure that the H-flat connections are non-degenerate. To simplify notation we assume H = 0 (see also Remark 3.5).
Let D A be the operator
Q(g)).
Here A ∈ A(R × Q) is any connection that converges to non-degenerate flat connections a ± at ±∞, and d 
Then µ inst is additive in each component, and so is in fact a relative Z-grading. It therefore suffices to show Ind(D A , a, u * a) = 4 deg(u), where a ∈ A flat (Q) is a flat connection, u ∈ K is a gauge transformation, and A limits to a and u * a. 
Remark 3.5. (a) Recall we have only assumed that the perturbation H is invariant under the group K, and not necessarily under the full group G(Q).
(b) In general, suppose G is a simple Lie group and consider a G-bundle R → X over a closed 4-manifold. Then the index of the linearized ASD operator at a connection B on R can by computed using the Atiyah-Singer index formula to give
, where the second equality is the definition of q 4 
. We will compute c(PU(r)) for this choice of characteristic number in a moment (essentially the same argument can be used to show c(SU(r)) = 4r).
We
also note that when B is an irreducible ASD connection, the value (23) recovers the dimension near B of the moduli space of irreducible ASD connections on R.
Now we return to the situation where A is a connection on R × Q with flat limits a and u * a. We may view A as being a connection on the bundle
Then by (23) and the definition of the degree, we have
since the term involving the Betti numbers vanishes for X = S 1 × Y. We will be done if we can show c(PU(r)) = 2.
To do this, we use (23) again, but with X = S 4 . Before specifying the PU(r)-bundle R, we first note that the SU(r)-bundles over S 4 are classified by their second Chern class. Let R ′ denote the SU(r)-bundle with c 2 (R ′ ) S 4 = 2r. Then we take R → S 4 to be the adjoint bundle associated to R ′ . So R is a PU(r)-bundle with q 4 (R) := c 2 (End(R ′ )) = 2rc 2 (R ′ ) = 4r 2 . Atiyah-Hitchin-Singer show that R ′ always admits an irreducible ASD connection B [3, Theorem 8.4] . Moreover, in [3, Table 8 .1], the authors compute the dimension of the moduli space of irreducible ASD connections on the SU(r)-bundle R ′ to be 2(4r 2 ) − r 2 + 1. This moduli space has the same dimension as the moduli space of irreducible ASD connections on the associated PU(r)-bundle R, and so it recovers the index. Combining this with (23) gives
and so it follows that c(PU(r)) = 2.
Gradings
We continue to assume Q → Y is a bundle satisfying hypothesis (H1). In the previous section we defined a cohomology group HF • inst (Q) K associated to a subgroup K ⊆ G(Q) satisfying hypothesis (H3). In this section we work with the specific cases where K is G 0 (Q), ker η and G(Σ); here η : G(Q) → H 1 (Y, Z r ) is the parity operator, and G(Σ) is the subgroup generated by G 0 (Q) and the degree 1 gauge transformation from Proposition 2.10 (b). In each case we will show that K satisfies hypothesis (H3), and that we obtain a relatively Z, Z 4r and Z 4 -graded Floer theory in the respective cases (the latter case recovers the Z 4 -graded Floer group that is more common in the literature [15] [4] [8] ). Along the way, we also compare the associated Floer cohomology groups in the different cases, and show that they contain the same information. Throughout we assume g and H are chosen so hypotheses (H2) and (H4) hold.
A Z-grading
Here we show that K = G 0 (Q) acts freely on the space A flat (Q, H). Once we have done this, it follows immediately that the induced grading on HF • inst (Q) G 0 (Q) is a relative Z-grading, since each element of G 0 (Q) has degree zero.
If follows from (H2) that every a ∈ A flat (Q, H) is irreducible, and so (20) holds for all r ∈ Ω 0 (Y, Q(g)). As a preliminary step, we prove the following. 
Proof. The result obviously holds for H-flat connections a, with a constant C = C a possibly depending on a. We first show that the constant C can actually be chosen to be independent of the H-flat connection a. If not, then one could find sequences {r n } n of 0-forms and {a n } n of H-flat connections with
The bound (20) is gauge invariant, so by the perturbed version of Uhlenbeck compactness, we may assume that the a n converge strongly in L ∞ to an H-flat connection a ∞ , after possibly passing to a subsequence. Moreover, this convergence of the a n combines with the assumptions on the r n to imply that the r n are uniformly bounded in W 1,2 (with the derivatives defined using d a ∞ ). So by passing to a further subsequence, we may assume the r n converge weakly in W 1,2 and hence strongly in L 2 to some r ∞ . This gives 1 = r ∞ L 2 , and d a ∞ r ∞ = 0, which contradicts (20) applied to the flat connection a = a ∞ , and so the constant C is independent of the choice of H-flat connection. Next, we show that the estimate (20) continues to hold for any connection a with F a − X a sufficiently L p -small. This follows easily by the same kind of contradiction argument: If not, then there are a n and r n with (24) , and F a n − X(a) L p → 0. Then {a n } n has a subsequence that converges strongly in L ∞ , modulo gauge equivalence, to some limiting H-flat connection, and the result follows exactly as before. (We use p > 3 to obtain a compact embedding W 1,p ֒→ L ∞ .) Hypothesis (H3) for the group K = G 0 (Q) is a special case of the following. (25) then the stabilizer of a in G 0 (Q) is trivial. Moreover, the set I H (Q) is naturally equipped with the structure of a smooth manifold of dimension zero, and it is non-compact whenever it is not empty.
Proof. First we show how the second assertion follows from the first. The curvature is continuous (in fact, smooth) when viewed as a map
In particular, the set U of connections a satisfying (25) 
We are interested in the Banach vector bundle E → B whose fiber over [a] is the L pcompletion of (26) . Then the map a −→ * (F a − X(a)) descends to a smooth section of E that is Fredholm with index 0. Moreover, the critical points of this section are exactly the elements of I H (Q). By hypothesis (H2) these critical points are all nondegenerate, so by the inverse function theorem I H (Q) is a smooth 0-dimensional manifold. The non-compactness follows, for example, from the fact that there is a degree d = 0 gauge transformation u. Then, by (17) , the k-fold iterated action of u on an H-flat connection a yields distinct H-flat connections. It remains to prove the first assertion in Lemma 3.7. By Lemma 3.6, there is some neighborhood U (e) of the identity in G 0 (Q) that acts freely on the space of all connections with sufficiently small curvature. We want to show that this neighborhood is all of G 0 (Q). This is another contradiction argument. If it does not hold, then there is a sequence of connections a n on Q and gauge transformations u n on Q such that u * n a n = a n and F a n − X(a n ) L p → 0. Apply Uhlenbeck's weak compactness theorem to conclude that, after passing to a subsequence, there is a sequence of gauge transformations u ′ n such that (u ′ n ) * a n converges weakly in W 1,p to some flat connection a ∞ . For simplicity, we relabel (u ′ n ) * a n by a n . Similarly, replace u ′ n u n (u ′ n ) −1 with u n , so we still have u * n a n = a n . This relation combines with (8) to give a n u n − u n a n = du n .
Since the left-hand side is bounded in W 1,p , it follows that the right is as well. Thus the u n converge weakly in W 2,p to some limiting gauge transformation u ∞ . This satisfies u * ∞ a ∞ = a ∞ . It follows from Lemma 2.9 that u ∞ = e is the identity. To reiterate, the u n are a sequence of gauge transformation converging to the identity e, and each fixes a connection with small curvature. This contradicts the existence of the neighborhood U (e) containing the identity.
A Z 4r -grading
Here we consider the subgroup K = ker η ⊆ G(Q) given by the kernel of the parity operator η : G(Q) → H 1 (Y, Z r ). First we want to show that this group acts freely on the space of H-flat connections. To see this, note that any gauge transformation in ker η with non-zero degree automatically acts freely on A flat (Q, H) by (17) . So it suffices to work with the degree zero elements of ker η. However, any gauge transformation u with deg(u) = 0 and η(u) = 0 is automatically in the identity component G 0 (Q), so the result follows by the analysis of Section 3.2.1.
We saw in Section 2.3 that each element of ker η has degree divisible by r. Moreover, there always exists gauge transformations in ker η of degree r (take u r 1 , where u 1 is the degree 1 gauge transformation from Proposition 2.10 (b)). In particular, the induced grading on HF • inst (Q) ker η is a relative Z 4r -grading. It is interesting to compare the groups HF • inst (Q) G 0 (Q) and HF • inst (Q) ker η . Fix a degree r gauge transformation u r , and assume that the instanton perturbation H is invariant under the action of u r . Then pullback by u r determines a degree 4r chain map on the underlying chain complex of HF • inst (Q) G 0 (Q) . This therefore descends to a degree 4r map at the level of homology
Moreover, this map is an isomorphism. It follows that all of the data of
In fact, we can say more. Quotienting HF • inst (Q) G 0 (Q) by the action of the map ι u r recovers the space
Fix the kth summand HF k inst (Q) ker η of HF • inst (Q) ker η . The fiber of the quotient map (27) over this summand consists of the countably many summands
. Moreover, the quotient map restricts to an isomorphism
ker η , and vice-versa. Lastly, we discuss a sense in which the gauge group ker η is a very natural group to consider. Suppose t 2 (Q) is the reduction of an integral class. Then there is a U(r)-bundle Q → Y with Q = Q × U(r) PU(r) and c 1 (Q) ≡ t 2 (Q) mod r. In [5] and [4] , the authors define a U(2)-Floer theory, and their discussion generalizes easily to the group U(r). Their U(r)-Floer chain complex is generated by central curvature connections with fixed determinant, and one works modulo the group of gauge transformations on Q with fixed determinant. It turns out that the U(r)-Floer cohomology they describe is exactly the group HF • inst (Q) ker η defined here. Indeed, the distinction between their set-up and ours is really just a matter of language. For example, flat connections on Q are identified with central curvature connections on Q with fixed determinant. Likewise, the subgroup ker η ⊂ G(Q) is identified with the gauge transformations on Q that have trivial determinant. 1
A Z 4 -grading
Let u 1 ∈ G(Q) be a degree 1 gauge transformation satisfying the conclusion of Proposition 2.10 (b). Note that the homotopy class of u 1 is uniquely determined by the conditions of the proposition, and hence uniquely determined by the choice of surface Σ ⊂ Y from that proposition. Let G(Σ) ⊆ G(Q) denote the group generated by u 1 and the identity component G 0 (Q). It follows that G(Σ) acts freely on A flat (Q, H), since each element of G(Σ) either has non-zero degree, or is in G 0 (Q). It is immediate that the instanton Floer cohomology group HF • inst (Q) G(Σ) admits a relative Z 4 -grading. We want to compare the group HF • inst (Q) G(Σ) with those defined in the previous two section. We begin with HF • inst (Q) G 0 (Q) . As in Section 3.2.2, pullback by the degree 1 gauge transformation u 1 determines a degree 4 automorphism ι u 1 of
Quotienting by the action of the group of automorphisms generated by ι u 1 recovers HF • inst (Q) G(Σ) . Just as in Section 3.2.2, this says that both groups contain the same information.
In exactly the same way, u 1 determines a degree 4 map ι ′ u 1 on HF • inst (Q) ker η . Once again, taking the quotient recovers the Z 4 -graded group HF • inst (Q) G(Σ) . Remark 3.9. In [4] and [5, Section 5.6] , the authors address the map ι ′ 
More General K
The extension of these results to more general K is difficult. First, for the analysis of Section 3.1, we must have that K consists entirely of connected components of G(Q). To generalize this would require some serious reconstructions of the theory above. We therefore continue to assume that K consists entirely of connected components of G(Q). If a gauge transformation has non-zero degree, then it automatically acts freely by (17) . So the interesting cases are when we consider gauge transformations u with deg(u) = 0. These are determined, up to homotopy, by their parity. We are therefore considering the action of the finite group H 1 (Y, Z r ) . In [5] , Donaldson points out that it is not clear how to construct instanton perturbations H for which H 1 (Y, Z r ) acts freely on A flat (Q, H). For example, one tends to construct perturbations H satisfying (H2) and (H4) using the holonomy, as in Section 4.2. When this is the case, the gauge transformations coming from elements of H 1 (Y, Z r ) typically will not act freely on the space of H-flat connections.
Instanton Floer cohomology for broken circle fibrations
Now we specialize the discussion to the case relevant to the quilted Atiyah-Floer conjecture. Suppose f : Y → S 1 is a broken circle fibration as in Section 2, and fix an integer r ≥ 2. Let d ∈ Z r be a generator and let Q → Y be a principal PU(r)-bundle that is d-compatible with f . In particular, t 2 (Q) [Σ 0 ] = d, where Σ 0 is a regular fiber of f . Since d ∈ Z r is a generator, this clearly satisfies hypothesis (H1) with Σ = Σ 0 .
We will work with the relatively Z 4 -graded group HF • inst (Q) G Σ• from Section 3.2.3; see also Example 3.8. It follows that this is uniquely determined by the data of Y, f , t 2 (Q), r and d (in fact, it only depends on f through its homotopy class in Y, S 1 ). So in analogy with the quilted theory, we set We begin by restricting attention to a subclass of instanton perturbations, which will help tie in the discussion with quilted Floer theory. We say that an instanton perturbation H : A(Q) → R is compatible (with quilted Floer theory) if it is invariant under G 0 (Q), and constant on Y • in the sense that
whenever a − a ′ is a 1-form with support in Y • . We will see that these conditions imply that H is invariant under the larger group G Σ • ⊂ G(Q) from Section 2.4). Note that any compatible instanton perturbation can be normalized so that (28) is zero, which we assume is the case. It follows from (28) that the differential X :
One can always put connections on I × Σ • in temporal gauge using an identity component gauge transformation, so it follows
, where b is any bump function supported in I × Σ • . This implies that X restricts over I × Σ • to have the following form:
where X j,t : A(P j ) −→ Ω 1 (Σ j , P j (g)) is some time-dependent vector field on A(P j ), and we have written a| {t}×Σ j = α(t) + ψ(t) dt. It follows from the definition of X that X j,t is a symplectic vector field on the symplectic space A(P j ). Since A(P j ) is contractible, X j,t is the Hamiltonian vector field associated to some Hamiltonian H j,t : A(P j ) → R. Moreover, H j,t is invariant under G 0 (P j ), and is locally constant when t / ∈ (0, 1), since X j,t vanishes in this range. Each H j,t is unique up to a constant, which we normalize so that H j,t = 0 for t < 0. It follows that H j,t = 0 for t > 1 as well.
One can go the other direction. Suppose for each j ∈ {0, . . . , N − 1} we are equipped with a smooth time-dependent function H j,t : A(P j ) → R that vanishes for t / ∈ (0, 1). We assume H j,t is invariant under G 0 (P j ) for each t. Then we obtain a smooth function H : A(Q) → R by the formula
It is immediate that H is compatible with quilted Floer theory and that this construction inverts the one from the previous paragraph. As a consequence, via this construction, any instanton perturbation H that is compatible with quilted Floer theory can be identified with the split-type Hamiltonian H = H j,t j on A(P 0 ) × . . . × A(P N−1 ). It follows (e.g., from (29) ) that H is invariant under the G Σ • ⊂ G(Q). In particular, restricting H j,t to A flat (P j ), for each j, we obtain a Hamiltonian on M(P j ) as in Section 2.5.2.
The discussion above carries over directly to the bundle Q ǫ → Y ǫ , equipped with the ǫ-smooth structure and metric g ǫ (see Sections 2.1 and 2.4). Since instanton Floer cohomology depends only on the diffeomorphism type of Y and isomorphism class of Q, it is clear that HF
On the other hand, there is ǫ-dependence at the chain level. To see this dependence on ǫ explicitly, we pass to certain local coordinates as follows: Let H be a compatible instanton perturbation that is smooth on A(Q). The compatibility condition tells us that H is constant on Y • , and so H is actually a smooth function on A(Q ǫ ) for any ǫ > 0. For example, the 2-form X(a) vanishes on Y • , and so does not fall victim to the pathological behavior illustrated in Figure 3 .
We have seen that every connection A on R × Y can be written in the form s, t) . The curvature F A on the four-manifold R × I × Σ • can be written in terms of its components as
With this notation in place, we can therefore view the instanton boundary operator ∂ inst as counting isolated G Σ • -equivalence classes of connections A ∈ A(R × Q ǫ ) satisfying
with appropriate limits at ±∞. Here the norms and Hodge stars are all with respect to the fixed metric g. Compare the small ǫ-limit of these equations with (14) .
The quilted Atiyah-Floer conjecture
In this section we state and discuss the quilted Atiyah-Floer conjecture and its cousins. Throughout we refer to Sections 2.5. 
Now we can formally state the conjecture. 
of relatively Z 4 -graded abelian groups. Moreover, this isomorphism is natural in the sense that it intertwines the isomorphisms (31).
There are various stronger versions of this conjecture. For example, one could repeat the discussion of Sections 2.5 and 3, generating the chain complexes over Z, rather than Z 2 . This would require coherently orienting the moduli spaces of instantons and J-holomorphic curves in such a way that the boundary operator in each theory still squares to zero.
A second direction in which one could state a stronger conjecture is via a chain level version. The remainder of this section is dedicated to describing such a version.
) denote the Z 4 -graded quilted (instanton) Floer chain complex. We are suppressing the boundary operator in the notation. As usual, whenever we write this, we assume the data have been chosen so that these chain complexes are defined. Just as at the homology level, these chain groups satisfy an independence property: Suppose there is an orientationpreserving diffeomorphism from Y 0 to Y 1 that pulls the data on Y 1 back to the data on 
that preserves the gradings and is natural in the sense that it intertwines the canonical isomorphisms on each chain complex.
A program for proving the conjecture
Here we introduce a program for proving the chain level Atiyah-Floer conjecture. At the end we discuss briefly why we believe this is a fruitful approach.
To begin, we need to prescribe how the auxiliary data J, H and g, H can be chosen. Let g be any metric on Y, and fix ǫ > 0. Define the metric g ǫ as in Section 2.1. It is convenient (but not necessary) to assume that g restricts to a metric on I × Σ • that is constant in the I-direction. The choice of g ǫ induces a split-type compatible almost complex structure J g as in Remark 2.13 (a) . Moreover, J g is independent of ǫ because of the conformal invariance of 1-forms on surfaces.
In Section 4.2, we describe how to construct instanton perturbations H that are compatible with quilted Floer theory in the sense of Section 3.3. Any such H induces a split-type Hamiltonian H t as in Section 3.3. Moreover, Proposition 4.4 shows that H can be chosen to be invariant under G(Q), and so that
are well-defined. This takes care of (a) in the statement of the chain level conjecture. 
is independent of ǫ, up to the action of the canonical diffeomorphism (5 As for (b) in the statement of the chain level conjecture, it suffices to define the map Ψ by specifying its value on the generators I H (Q) of the domain. Similarly, I H t (L(Q)) denotes the generating set of the quilted complex. Given any [a] ∈ I H (Q), one can obtain an element of I H t (L(Q)) by restricting [a] to each cobordism in Y • (to do this one needs to know that H is compatible with quilted Floer theory, which we have assumed is the case):
Here the bracket on the left denotes the G Σ • -equivalence class, and the brackets on the right denote the G 0 -equivalence class on the relevant 3-manifold Y j(j+1 Proof. The naturality is immediate. That Ψ respects the gradings is proved in [11] . The bijectivity is really just a direct consequence of the definitions, but we supply a proof for convenience. The idea is that, given any perturbed Lagrangian intersection point e, the matching conditions on the boundary imply that we can construct an Hflat connection a that maps to e under Ψ. When constructing a there is a choice involved, and the ambiguity is measured by the group G Σ • . However, by Example 3.8, the set I H (Q) is exactly the quotient A flat (Q, H) by the action of G Σ • , and so the class of a in I H (Q) is uniquely determined by the intersection point e. Now we work this out in detail. To simplify the notation we assume H = 0, and so H t = 0. We will denote by ι : Σ i ֒→ Y i(i+1) and ι ′ : Σ i+1 ֒→ Y (i−1)i the inclusion of the boundary components. We do not keep track of the index i in the notation of ι and ι ′ . We first prove that Ψ is surjective. Fix some a 01 , a 12 , . . . , a (N−1)0 ∈ I(L(Q)).
We need to show that there is some a ∈ A flat (Q) with
. These give us an obvious definition for a over the Y • , however we need to define a over I × Σ • as well. To do this, let
. Then α i ∈ A flat (P i ) is flat, and therefore so is proj * α i where proj : I × Σ i → Σ i is the projection (so proj * α i is a flat connection on the 3-manifold I × Σ i ). The boundary condition (13) implies that there is some µ i ∈ G 0 (P i ) with
. By definition, G 0 (P i ) is path-connected so there is some path at each of the two boundary components. Then we define a to be u * i (proj * α i ) over I × Σ i . It follows that a is continuous, flat and restricts to the desired connections over the Y i(i+1) . By choosing the paths u i : I → G 0 (P i ) appropriately, we can also ensure that a is smooth. (For example, choose the u i so they extend to be smooth maps R → G 0 (P i ) that are constant on the complement of I ⊂ R.)
For injectivity, suppose a, a ′ ∈ A flat (Q) are two flat connections that descend to the same Lagrangian intersection point under Ψ. We need to show that a ′ = u * a for some gauge transformation u ∈ G Σ • . The fact that a and a ′ restrict to the same Lagrangian intersection point implies that these connections restrict (modulo G 0 (Q i(i+1) )) to the same connection on each Y i(i+1) . First we will show that a and a ′ also restrict (modulo G 0 (I × P i )) to the same connection on each I × Σ i . This is essentially a consequence of the injectivity of the restriction 
The data u i , u i(i+1) i=0,...,N−1 patch together to form a global (possibly discontinuous) gauge transformation u on Q → Y. We need to show that u is smooth; it will then automatically be contained in G Σ • . We first claim that u is continuous. To see this, note that
The functoriality of the characteristic classes from Section 2.3 implies that the map ι * : G(Q i(i+1) ) → G(P i ) induced by the inclusion map ι restricts to a map of the form
and that this fixes a| {1}×Σ i = a| ι(Σ i ) . By Lemma 2.9, we must have that this is the identity gauge transformation, and so
. This proves the claim.
To see that u is actually smooth, we use the following trick from [6, Chapter 2.3.7] to bootstrap: As in (8), by choosing a faithful matrix representation we can write the action of u on a as u * a = u −1 au − u −1 du, where on the right we are viewing the gauge transformation as a map u : Q → G, and the concatenation is matrix multiplication. Rearranging this and setting a ′ := u * a gives du = au + ua ′ . The right-hand side is C 0 , so u is of differentiability class C 1 . Repeatedly bootstrapping in this way shows that u is in C ∞ , and hence u ∈ G(Q).
As we have seen, in order to make each of the Floer chain complexes welldefined, we need to choose perturbations in such a way that the generators are non-degenerate. It turns out that non-degeneracy for one chain complex implies non-degeneracy for the other; see [11] for a proof. To prove the chain level quilted Atiyah-Floer conjecture, it therefore suffices to show that Ψ intertwines the boundary operators (it will automatically induce an isomorphism at the level of homology, since it is a bijection). Recall from Remark 4.1 the though the underlying chain groups of each Floer theory is independent of ǫ > 0, the instanton boundary operator ∂ inst does depend on ǫ since the instanton moduli spaces do. If one could show that the instanton moduli spaces of dimension zero are in bijective correspondence with the holomorphic curve moduli spaces of dimension zero, then it would be automatic that Ψ is a chain map. When ǫ > 0 is small, this is likely the case since the defining equations for each moduli space are close for small ǫ. In other words, proving the chain level quilted Atiyah-Floer conjecture reduces to showing that each isolated ǫ-instanton is close to a unique isolated holomorphic curve representative, and vice versa. In [13] we show that the first holds. Showing that the 'vice versa' holds is currently an active research project.
In the special case where f : Y → S 1 has no critical points, Dostoglou and Salamon were able to prove the chain level conjecture by exactly the approach we have described here [8] [9] [10] . Our approach to the more general case with critical points was motivated by their work. (a) , to the metric g 0 on Y.
Compatible perturbations
The proof will effectively show that the set of H satisfying (i-iv) is comeager in a suitable function space. It will also show that H can be taken to be arbitrarily small in the C ∞ -norm. The existence of instanton perturbations satisfying (i) and (ii) is quite standard; our proof will follow [5, Chapter 5.5] closely. The novel feature here is that the perturbation can be chosen to satisfy (iii) and (iv). [11] and [13] . This analysis then tells us how small we need to take ǫ n .
Proof of Proposition 4.4. As usual, we drop the Sobolev exponents unless they are relevant to the discussion. We begin with some preliminaries.
The function H that we are seeking will be a holonomy perturbation. To describe this, fix a finite collection of embeddings 
restricts to an immersion of C in the sense that the linearization restricts to an injection from each fiber of C into R K . Here ρ τ is constructed out of the loops γ j , as above. Donaldson's proof of this goes roughly as follows: Each element of B is determined up to G Σ • /G 0 (Q) by its holonomy. Likewise, each tangent vector at [a] ∈ B is determined by its linearized holonomy (there is no G Σ • /G 0 (Q)-ambiguity at the tangent vector level since this is a discrete group). Since C is compact, only finitely many holonomies are needed to distinguish any two elements in a fiber of C. Moreover, this shows that the γ j and W k can be chosen so that (34) is an injection of C, up to the action of G Σ • /G 0 (Q). We will use this construction repeatedly, taking C to be the space of flat connections, J 0 -holomorphic curve representatives, and g n -instantons. It will then follow from a standard argument that the relevant perturbed operators are surjective, which will verify (i) and (iv). To verify (iii), in each case, we need to argue that we can choose the γ j to have image in I × P • , while preserving the property that (34) is an immersion. This will follow from unique continuation arguments. We carry out the details by first proving several smaller steps, and then describing how these techniques can be combined to prove the full statement of the proposition.
Step 1: There is a holonomy perturbation H so that (a) Proof. By a diagonalization argument of Donaldson-Kronheimer [6] , we may assume Z is compact. We will show there is some u and some ǫ > 0, depending only on Z, R, A 0 , A 1 so that u * A 0 agrees with A 1 on the ǫ ball around U, and that u is the identity on U. Since ǫ is independent of U, the result follows by compactness (repeatedly replace U by its ǫ-neighborhood until all of Z is exhausted).
Cover ∂U with a finite number of geodesic ǫ-balls (ǫ can be chosen to be independent of U because Z has bounded geometry). By taking ǫ sufficiently small, A 1 − A 0 L q (B ǫ (p)) can be made as small as we want, where p ∈ ∂U (ǫ > 0 can be taken to be independent of U because A 0 , A 1 have bounded energy and so A 1 − A 0 is bounded; note that ǫ depends on A 1 − A 0 at this stage though). It follows that there is some u ∈ G(B ǫ (p)) with u * A 0 in Coulomb gauge with respect to A 1 on B ǫ (p): Take C to be the image of the space flat connections in B * . Uhlenbeck's compactness theorem implies this is a compact set. We want to eliminate the degenerate flat connections. Note that a flat connection a is non-degenerate if and only if H 1 a ∈ T [a] B * is zero. We therefore consider the set C ⊂ TB * over C whose fiber over [a] ∈ C is the zero space if a is non-degenerate, and the unit sphere in H 1 a otherwise. Then C is compact as well. Lemma 4.6 implies that, given any two flat connections, there is a loop γ in (0, 1) × Σ 0 such that the SU(r)-valued holonomy around γ distinguishes these connections. Similarly, a linearized version of this lemma shows that any two tangent vectors to a connection can be distinguished by the linearized SU(r)-valued holonomy around a loop in (0, 1) × Σ 0 . Now we can repeat the argument given at the beginning of the proof to show that there is a finite set of loops γ j J j=1
with image in (0, 1) × Σ 0 , and a finite set of words {W k } K k=1 such that the map (H 1 , . . . , H K ) from (34) is an immersion. Take V to be the span over R of the H k . It now follows from standard arguments [5, Proposition 5.15] that in any sufficiently small neighborhood of the origin in V, there is a comeager set of (ǫ 1 , . . . , ǫ K ) ∈ R K such that all H-flat connections are non-degenerate, where we have set H := ∑ K k=1 ǫ k H k . That the set of such H is open is a consequence of the compactness of C. This completes the proof of Step 1. Note that by Proposition 4.3, it follows that all H t -perturbed Lagrangian intersection points are non-degenerate as well.
Step 2: Suppose H ′ is a compatible instanton perturbation so that all H ′ -flat connections are non-degenerate. Then for any n ∈ N and E inst > 0, there is a holonomy perturbations H ′′ so that H = H ′ + H ′′ satisfies the following:
set of H ′ -instantons with H ′ -energy bounded by E inst is contained in a compact set. Moreover, unique continuation implies that we can distinguish these instantons by their holonomy around loops γ whose images are contained in (0, 1) × Σ 0 . The argument from Step 1 can be extended to show that there is some holonomy perturbation This addresses the situation when E inst is small. When E inst is large, it may not be the case that the image in B * of the space of H ′ -instantons with H ′ -energy bounded by E inst is contained in a compact set. This is due to bubbling (non-trivial instantons on S 4 ). That is, any H ′ -instanton towards the ends of the relevant moduli space is close to a broken trajectory, together with some bubbles. The key point is that H ′ -instantons in each broken trajectory have strictly smaller energy than E inst . One can then run an induction argument on the size of E inst , with the inductive step showing that an H ′ -instanton is regular if it is close to a broken trajectory (plus bubbles), where we assume the broken trajectory contains at least one regular H ′ -instanton trajectory. This induction argument shows that it suffices to work away from the ends of the moduli space of H ′ -instantons, and hence with a compact subset of B * . One may therefore repeat the argument from the previous paragraph to complete the proof of Step 2 for large values of E inst .
Step (a) and (b) . Finally, the set of all perturbations H satisfying (a) and (b) is open in the space of smooth functions A k,p (Q) → R.
Just as in the previous step, we will automatically have (a) provided H ′′ is small. The idea is to work with a holomorphic curve representatives A ∈ A(R × Q) of each (J 0 , H ′ )-holomorphic quilted cylinder. Just as before, by the gauge freedom we can view A as a path a(·) in A(Q), and hence in B * . The restriction of A to R × I × Σ • uniquely determines the holomorphic curve representative A (the restriction of A to each slice {s} × Y • is flat, and so is uniquely determined by its values on the boundary of Y • ). In particular, the original holomorphic strip is determined uniquely (up to translation in R) by the image of the path a(·) restricted to (0, 1) × Σ • . This means that we can separate points using loops in (0, 1) × Σ • . Note that this is a disconnected set, so we need to consider N holonomy perturbations, one for each of the N connected components. That is, for each i, consider the connections over I × Σ i and find a holonomy perturbation from loops that separate points here. Then take the sum, over i, of these holonomy perturbations to get a holonomy perturbation supported on (0, 1) × Σ • . Next, since we are considering holomorphic curves having energy uniformly bounded by E symp , the set C of such holomorphic curves in B * is contained in a compact set when E symp is small; when E symp is large, one may have bubbles, but we can work around this just as in Step 2. Now the proof of Step 3 follows exactly as in Step 2.
To put this all together, let H 0 be as in Step , and let ϕ(l) denote the lth element of this set under the given enumeration (we will take l ≥ 1). Then, for each l ∈ N, with l ≥ 1, let H l be a holonomy perturbation satisfying the following two conditions.
(1) Consider
Step 2 or Step 3, depending on whether ϕ(k) = (g n , E inst N ) or ϕ(l) = E Finding H l so that it satisfies (2) is possible because of the open assertions in these Steps, and since each holonomy perturbation of the form (33) is bounded in C l for each l. It follows that, for each l 0 , the series H := ∑ l∈N H l converges uniformly in the C l 0 -topology on bounded subsets to a smooth function H. Moreover, H satisfies the conclusions of the proposition.
